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Abstract 
In this paper we obtain the degree of approximation of signals (functions) belonging to 
( , , )Lip class introduced in [8], through ( ; ), ( ; )n nt f x N f x and ( ; )nR f x means of their 
trigonometric Fourier series. Our results generalize some results of Chandra [2] for 1p  and Guven [3]. 
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1. Introduction 
A measurable 2  periodic function :[ , ] [ , ]0 2 0 is said to be a weight function if the set 
( , )1 0  has the Lebesgue measure zero. We denote by [ , ],0 2p pL L  where 1 p  and 
is a weight function, the weighted Lebesgue space of all measurable 2 periodic functions ,f  that 
is, the space of all such functions for which 
                                                
/
, ( ) ( ) .
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0
p
p
pf f x  
Let .1 p  A weight function  belongs to the Muckenhoupt class ,pA  if 
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where the supremum is taken over  all intervals I with length .2I  
The weight functions belonging to the pA class, introduced by Muckenhoupt [8], play a very important 
role in different fields of mathematical analysis. 
Let ,1 pp  and let .
pf L The modulus of continuity ,( , ) pf  of the function f  is 
defined by 
                                                
, ,
( , ) sup ( ) , ,0p p
h
f  
where 
                                                 
( )( ) ( ) ( ) .
0
1 h
h f x f x t f x dth
 
The existence of the modulus of continuity ,( , ) pf  follows from the boundedness of the Hardy-
Littlewood maximal function in the space pL  [8]. The modulus of continuity ,( ,.) pf  defined by Ky. 
[4] is non-negative, non-decreasing and continuous function such that 
 
                                  
, , , ,lim ( , ) , ( ,.) ( ,.) ( ,.) .1 2 1 2
0
0pf  
The modulus of continuity ,( ,.) pf is defined in this way, because the space 
pL is non-invariant, in 
general, under the usual shift ( ) ( ).f x f x h Note that in the case ,1 the modulus of continuity 
,( ,.) pf  is equivalent to the classical integral modulus of continuity ( ,.)p [4]. We define the 
weighted Lipschitz class ( , , )Lip for 0 1  by 
                                        ,
( , , ) : ( , ) ( ), .0pLip  
 For a given : [ , ], ,0 2 1p pf L L let 
                              
( ) : ( ; ) ( cos sin ) : ( ; ),0
1 02
n n
n n k k k
k k
as f s f x a kx b kx A f x  
 denote the partial sums, called trigonometric polynomial of degree (or order) ,n of the first ( )1n terms 
of the Fourier series of functions .f   
Let 0n na be a given infinite series with { }ns for its 
thn partial sum. Let { }nt denote the sequence of   
( , , )N p q  means of the sequence { }.ns  Then ( , , )N p q transform of{ ( ; )}ns f x is defined as follows 
                                        ( ) : ( ; ) : ( ; )
0
1 n
n n n m m m
n m
t x t f x p q s f x
r
 
 where 
                           : , ,
0
0 0
n
n m n m
m
r p q n  and 1 1 1 0p q r [5]. 
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 Let{ }np be a real sequence with ,0 0 0np p  for .0n  Arslan [1] has defined 
                           
; ,1
0 0
0 1
m n
m m v v n m i i
v m
p A p P p P p i  
 where 
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!0
1 2 3
1 1 1 2 3nA A n
           
Here we note that 
                               
,
1 1
1 1 1
1 1 1 1
0 0 0
m m m
m m m v v m v v m v v
v v v
p p A p A p A p  
is non-negative or non-positive whenever { }np is non-increasing or non-decreasing, respectively. 
Hence{ }np is monotonic whenever{ }np is monotonic. The sequence-to-sequence transformation 
                                              
( ; ) ( ; )
0
1 n
n m m
mn
N f x p s f x
P
 
defines the sequence { }nN  of the { , }nN p means of the sequence { ( ; )},ns f x generated by the 
sequence of coefficients { }.np  Similarly, we define the ( , )nN p  means of { ( ; )},ns f x by 
                                               ( ; ) ( ; ).
0
1 n
n n m m
n m
R f x p s f x
P
 
We write : , ( , ) ( , ) ( , ).1 1n n n mu u u u n m u n m u n m  
 
2. Known Results 
Chandra [2] has determined the degree of approximation of functions in ( , ),Lip  
( , )0 1 1 class through N rlund and Riesz means of their trigonometric Fourier series. 
Recently Guven [3] has generalized some of the results of Chandra [2] to functions f in ( , , ),Lip  
( , ).0 1 1  He proved the following: 
 
Theorem A. [3] Let , , ,1 0 1pp and let { }np be a monotonic sequence of positive 
real numbers such that 
                                                            ( ) ( ). ( )1 1n nn p O P               
 Then, for every ( , , )f Lip the estimate 
                                             ,( ; ) ( ), , ,...1 2n pf N f x O n n  
  holds. 
 
Theorem B. [3] Let , , ,1 0 1pp and let { }np be a sequence of positive real numbers 
satisfying the relation 
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Then, for ( , , )f Lip  the estimate 
                                              ,
( ; ) ( ), , ,....1 2n pf R f x O n n  
is satisfied. 
 
Here ( ; )nN f x  and ( ; )nR f x denote the N rlund and Riesz means of the Fourier series of ,f  
respectively. 
 
3. Main Results 
Trigonometric Fourier approximation, originated from a theorem of Weierstrass, has become an exciting 
interdisciplinary field of study for the last 130 years. These approximations have assumed important new 
dimensions due to their wide applications in signal analysis [9], in general and digital signal processing 
[10] in particular, in view of the classical Shannon sampling theorem [6, 7]. In this paper, we extend the 
results of Guven [3] mentioned above to more general summability methods i.e., ( , , ), ( , )nN p q N p and     
( , ).nN p More precisely, we prove: 
 
 Theorem 1. Let , , ,1 0 1pp  and if the following conditions are satisfied 
                    ( ),n nnq O r      and               ( ) ( ), ( )
1
1
0
3
n
m n m m n
m
m p q O r n  
then 
                                                  ,
( ; ) ( ).n pt f x f O n  
 
Theorem 2. Let , , ,1 0 1pp  and let { }np  be monotonic sequence and satisfies  
                                                      ( ) ( ). ( )1 4n nn p O P   
Then, for every ( , , )f Lip  the estimate 
                                            ,
( ; ) ( ), , ,...1 2n pf R f x O n n  
holds. 
 
Theorem 3. Let , , ,1 0 1pp and let { }np  be a sequence of positive real numbers 
satisfying the relation 
                                               
. ( )
1
1
0
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n
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Then, for ( , , )f Lip  the estimate 
                                                 ,
( ; ) ( ), , ,...1 2n pf N f x O n n  
holds. 
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The analogous of Theorems 2 and 3 for ( )pH spaces can be seen in [5].  
Remark 1.  A number of corollaries of our theorems are given below. 
If 1mq  for ,0 m n then from Theorem 1 the following corollary holds true. 
 
Corollary  1. Let , , ,1 0 1pp and if the following conditions are satisfied 
                      ( ),nn O P   and      ( ) ( ),
1
1
0
n
m n m n
m
m p O P n  
then 
                                            ,
( ; ) ( ).n pN f x f O n  
If we take ,1np  then we get, 
 
Corollary  2. Let , , ,1 0 1pp and if the following conditions are satisfied 
                          ( ),n nnq O Q   and   ( ) ( ),
1
1
0
n
m m n
m
m q O Q n  
then 
                                              ,
( ; ) ( ).n pR f x f O n  
If ,( , , ,..., )0 0 1 2 1vp v m  and ,0mp then ,
1
0m m mp A p p  and n nP P then ( ; )nR f x  
reduces to ( ; ).nN f x  Thus we have the following corollary of Theorem 2. 
 
Corollary  3. Let , , ,1 0 1pp { }np  be monotonic sequence and satisfy 
                                                      ( ) ( ). ( )1 6n nn p O P   
Then, for every ( , , )f Lip the estimate 
                                         ,
( ; ) ( ), , ,...1 2n pf N f x O n n  
holds. 
 
Similarly, Theorem 3 reduces to the following corollary. 
 
Corollary 4. Let , , ,1 0 1pp and { }np be a sequence of positive real numbers and 
satisfies the relation 
                                             
. ( )
1
1
0
7
1 2 1
n
mm n
m
PP PO
m m n
 
Then, for ( , , )f Lip the estimate 
                                         ,
( ; ) ( ), , ,...1 2n pf R f x O n n  
holds. 
    
     Thus our Theorems 2 and 3 are extension of Theorem 1 and 2 respectively, of Guven [3]. 
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Remark 2. If we take ,1 then ( , , )Lip  reduces to ( , ), .1Lip Hence Corollary 3 of this 
paper generalizes Theorem 1 of Chandra {[2], p.15} for .1p  Similarly, Corollary 4 generalizes 
Theorem 2 of Chandra {[2], p.15} for .1p  
 
4. Lemmas 
 We need the following lemmas for the proof of our theorems. 
 
 Lemma 1. [3] Let , , ,1 0 1pp and .0 Then, ( , , ),f Lip  
                                         ,
( ; ) ( ), , ,....1 2n pf  
Lemma 2. [3] Let , ,1 pp and .0 1  Then, the estimate 
                                           ,
( ; ) ( ), , ,...1 2n pf s f x O n n  
holds for every ( , , ).f Lip  
Lemma 3. [3] Let ,1 p and .p  Then, for ( , , )1f Lip p the estimate 
                               
,( ; ) ( ; ) ( ), , ,...
1 1 2n n ps f x  
   holds. 
Lemma 4. Let { }np be a monotonic sequence of positive numbers. Then, 
                                                  
( )
1
n
n m n
m
m p O n P  
for .0 1  
Proof. Case I. Let { }np  be non-increasing sequence and r denote the integral part of / .2n  Then 
                                   
( )
( ) ( ) ( ),
1 1 1
1 0
1
1
n r n
n m n m n m
m m m r
n n
n r n m
m m
n r n n
m p m p m p
p m r p
O n p O n P O n P
 
in view of ( )1 n r nr p P and ( ) ( ) .1 1r O n  
Case II. Let { }np  be non-decreasing sequence, then 
                                
( )
( ) ( ) ( ),
1 1 1
1
1 0
1
1
n r n
n m n m n m
m m m r
n n
n n m
m m
n n n
m p m p m p
p m r p
O n p O n P O n P
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in view of condition (4). 
 
5. Proof of Theorem 1 
Using Abel's transformation and Lemma 1, we get 
( ; ) ( ) ( ( ; ) ( ))
( ) ( ( ; ) ( )) ( ( ; ) ( ))
( ) ( )( ( ; ) ( )) ( ) ( ( ; ) ( ))
0
1
0
0 0 0
1
0
0
1
1
1
1 1
n
n n m m m
n m
n m n
m n m m k n k
n m k k
n
m n m m m n n
n m
t f x f x p q s f x f x
r
p q s f x f x p q s f x f x
r
m p q
r
     
       
, ( ) ( ) ( ) ( ) ( )
( ) ( )( ) [( )]
( ) ( ) ( ),
1
0
0
1
2
1
1
2
1
1 1
1
1
1
n
n m n m m np
n m
n
m n m m
n m
n
m n m m
n m
t f O m p q m n p q n
r
O m p q m O n
r
O m p q n O n
r
 
in view of condition (3). 
This completes the proof of Theorem 1. 
 
6. Proof of Theorem 2. 
 Case I. Let .0 1  We have 
                            ( ) ( ; ) { ( ) ( ; )}.
0
1 n
n n m m
n m
f x R f x p f x s f x
P
 
By Lemma 2, Lemma 4, and condition (4), we obtain 
 
                   
,,
( ) ( ; ) ( ; )
0
1 n
n n m m pp
n m
f x R f x p f s f x
P
 
                   ,( ) ( ; ) ( ) ( ).0
1
1 1 1
1
n
n
n m np
n n nm
pp O m f s f x O n P O O n
nP P P
 
Case II. Let .1 It is clear that 
                                        
( ; ) ( ; ).
0
1 n
n n m m
n m
R f x P A f x
P
 
By Abel's transformation, 
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1 1
1
1
1
1
1
n m
n n mn n m
k
n m k
n
k
k
P PP P kA f x
m mP
kA f x
n
 
and hence 
( )
,
,
,
( ; ) ( ; ) ( ; )
( ; ) .
1
1 1
1
1
1
1
1
n m
n n mn n m
n n kp
n m k p
n
k
k p
P PP Ps f x R f x kA f x
m mP
kA f x
n
 
Now, since 
     
( ; ) ( ; ) ( ; ),
1
1
1
n
n n k
k
s f x
n
 
by Lemma 3, we get 
           
,
,
( ; ) ( ) ( ; ) ( ; ) ( ).
1
1 1
n
k n n p
k p
kA f x n s f x  
Hence, 
( )
,
( ; ) ( ; ) ( ) ( )1 1
1
1
1
1
n
n n mn n m
n n p
n m
P PP Ps f x R f x O O n
m mP
 
                                          
( ) ( ). ( )1 1
1
1
8
1
n
n n mn n m
n m
P PP PO O n
m mP
 
However, 
                   
( ) ,
( )
1
1
1
1 1
n
n n mn n m
k n m
k n m
P PP P p mp
m m m m
 
which shows that 
                                                           
1
1
n
n n m
m
P P
m
 
is non-increasing whenever { }np  is non-decreasing; and non-decreasing whenever { }np  is non-
increasing. This implies that 
                  
( ) ( ).1
1
1
1 1 1
n
n n mn n m n
n n
m
P PP P Pp O P
m m n n
 
This and the inequality (8) yields 
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                                    ,
( ; ) ( ; ) ( ). ( )1 9n n ps f x R f x O n  
Combining (9) with Lemma 2, we obtain 
                ,, ,
( ) ( ; ) ( ) ( ; ) ( ; ) ( ; ) ( ).1n n n nppf x R f x f x s f x s f x R f x O n  
This completes the proof of Theorem 2.  
 
7. Proof of Theorem 3 
Case I. Let .0 1  By definition of ( ; ),nN f x  we have  
                            ( ) ( ; ) { ( ) ( ; )}.
0
1 n
n m m
n m
f x N f x p f x s f x
P
 
From Lemma 2, we get 
                     
,,
,
( ) ( ; ) ( ) ( ; )
( ) ( ; )
. ( )
0
0
0
1
1
1
1
1
10
n
n m m pp
n m
n
m p
n nm
n
m
n m
f x N f x p f x s f x
P
pO p m f x s f x
P P
O p m
P
 
By Abel's transformation, 
       
{ ( ) } ,
1 1
1 1 1
1
1
n n n
m
m m n n
m m m
Pp m P m m n P m n P
m
 
and by condition (5), we have 
      
( ).
1 1 1
1
1 1 1 11 1 2 1
n n m n
mm m n
n
m m k m
PP P Pm k m O n P
m m m n
 
This yields 
                                                            
( ),
1
n
m n
m
p m O n P  
finally from this and (10), we get 
                                          ,
( ) ( ; ) ( ).n pf x N f x O n  
Case II. Let .1 By Abel's transformation, 
                                 
( ; ) ( ( ; ) ( ; )) ( ; )
( ( ; )) ( ; ),
1
1
0
1
1
0
1
1
n
n m m m n n
n m
n
m m n
n m
N f x P s f x s f x P s f x
P
P A f x s f x
P
 
and hence 
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Using Abel's transformation again yields 
                
( ; ) ( ) ( ; )
( ) ( ; )
( ) ( ; ).
1 1
1 1
0 0
1
1
1
0 0
1
1
0
1
1
1
1 2
1
1
n n
m
m m m
m m
n m
mm
k
m k
n
n
k
k
PP A f x m A f x
m
PP k A f x
m m
P k A f x
n
 
Thus, by using Lemma 3, and condition (5), we obtain 
, ,
,
,
,
( ; ) ( ) ( ; )
( ) ( ; )
( ) ( ; ) ( ; )
( ; ) ( ; )
( )
1 1
1
1 1
0 0 0
1
1
0
1
1
1 1
0
1
1
1 2
1
1
2
1 2
1
1 2
n n m
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m m k
m m kp
n
n
k
k p
n
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m m p
m
n n n p
mm n
PPP A f x k A f x
m m
P k A f x
n
PP m s f x
m m
P s f x
PP PO O
m m n
.
1
0
n
n
m
PO
n
 
This gives 
          
,
,
( ; ) ( ; ) ( ; ) ( ).
1
1
1
0
1 1n n
n n m mp
n nm p
PN f x s f x P A f x O O n
nP P
 
Combining this estimate with (11)  and using Lemma 2, we get  
               ,, ,
( ) ( ; ) ( ) ( ; ) ( ; ) ( ; ) ( ).1n n n nppf x N f x f x s f x N f x s f x O n  
This completes the proof of Theorem 3. 
 
 
 
 
References 
 
[1] Arslan, H. S., A note on , n k
N p summability factors, Soochow J. Math., 27 (1) (2001), 45-51. 
[2] Chandra, P., Trigonometric approximation of functions in pL norm, J. Math. Anal. Appl., 275 (2002),       
13-26. 
1585 Smita Sonker and Uaday Singh /  Procedia Engineering  38 ( 2012 )  1575 – 1585 
[3] Guven, A., Trigonometric approximation of functions in weighted pL  spaces, SARAJEVO J.     
Math., 17 (2009), 99-108. 
[4] Ky, N. X., Moduli of mean smoothness and approximation with pA weights, Annales University       
Sciences Budapest, 40 (1997), 37-48. 
[5] Krasniqi, X. Z., On the degree of approximation by Fourier series of functions from the Banach space       
( ) , ,1pH p in generalized H lder metric, Int. Math. Forum, 6 (13) (2011), 613-625. 
[6] Mittal, M. L., Rhoades, B. E., Mishra, V. N., Singh, U.,Approximation of signals (functions) 
belonging to the weighted ( , ( ))pW L  class by linear operators, Int. J. Math. Math. Scie., Article ID 
53538 (2006), 1-10. 
[7] Mittal, M. L., Rhoades, B. E., Sonker S., Singh, U., Approximation of signals of class ( , )Lip         
linear operator, J. Appl. Math. Computations, 217 (2011), 4483-4489. 
[8] Muckenhoupt, B., Weighted norm inequalities for the Hardy maximal function, Transaction American  
Mathematical Society, 165 (1972), 207-226. 
[9] Proakis, J.G., Digital Communications, McGraw-Hill, New York, 1995. 
[10] Psarakis, E.Z., Moustakides, G. V., An 2L based method for the design of 1-D zero phase FIR         
digital filters, IEEE Trans. Circuits Syst. I. Fundamental Theor. Appl., 44 (1997), 591-601. 
 
 
